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 .In this paper, we introduce a new concept, namely, the J, s -irreducible monoid.
Let G be a simple algebraic group. Let s be a surjective endomorphism of G0 0
 .such that G , the fixed points of G under s , is finite. We construct a0 s 0
 .J, s -irreducible monoid M with G the unit group. Extending s to M, we obtain
a finite monoid M which is J-irreducible. If M is J-irreducible, we give a precises
recipe to determine the lattices of J-classes of M and M . Q 1997 Academic Presss
1. PRELIMINARIES
1.1. An algebraic monoid is an affine algebraic variety M defined over
an algebraically closed field K together with an associative morphism m:
M = M ª M and a two-sided unit 1 g M for m. M is an irreducible
 .  2 4algebraic monoid if M is irreducible as a variety. E M s e g M ¬ e s e
 . is the set of idempotents of M. G s G M s x g M ¬ ' y g M s.t.
4xy s yx s 1 is the unit group of M. An irreducible monoid M is reducti¨ e
if its unit group G is reductive. An irreducible monoid M with 0 is
semisimple if G is reductive and dim ZG s 1.
 .) Throughout this paper, the monoids are always reductive.
1.2. For M and G as above, let T be some maximal torus of G and let
 4B > T be the Borel subgroup of G. D s a ,a , . . . , a is the fundamen-1 2 l
 q y.tal root system with respect to B and T , and F F or F is the root
 .  .positive or negative system. W s N T rT is the Weyl group, which isG
isomorphic to the group generated by the set of simple reflections S s
 4s , s , . . . , s .a a a1 2 l
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1.3. Green's J-relation on M is defined by a J b if MaM s MbM. The
equivalence classes for this relation are called J-classes. It is easy to see
that MaM s MbM if and only if GaG s GbG and in this case the J-class
 .of a is GaG. If we consider the group G = G acting on M by g, h ? a s
gahy1 for g, h g G and a g M, then the J-class of a is the orbit GaG. We
define a partial order on the set of J-classes by MaM F MbM iff MaM :
 .   . 4  .MbM. Define U M s J some J-class ¬ E J / B . U M is the set of
J-classes of M which contain idempotents. It inherits a partial order from
 .  .the set of all J-classes. By the assumption of ) , it follows that U M
w xequals the set of all J-classes on M 11, Proposition 3.6 . From the
semigroup theoretic point of view, one interesting problem is to describe
 . w xU M . By 5, Corollaries 6.8 and 6.10, Theorem 6.25 the problem of
 .  .determining U M is to find the set of W-conjugacy classes in E T . Note
 .that E T is a finite, relatively complemented lattice with partial order
w xe - f defined by ef s fe s e / f 5, Theorem 6.20 .
1.4. Let M be an irreducible monoid with unit group G. Then L :
 .E T is a cross-section lattice if
 . < <  .1 L l J s 1 for all J g U M .
 .2 If e, f g L, then J G J implies e G f.e f
 .   .The cross-section lattice is a sublattice of E T , and L s e g E T ¬ B
r  .4 w x r  4: C e 5, Theorem 9.10 . C s x g G ¬ ge s ege is the right centralizerG G
 .of e. So finding U M is equivalent to finding L.
2. J-IRREDUCIBLE MONOIDS
2.1. A reductive monoid M is a J-irreducible monoid if all minimal
nonzero idempotents are conjugate.
To construct a J-irreducible monoid, we choose an algebraic group G0
and a rational representation r : G ª GL for some n, with finite kernel.0 n
U .Then M r s K r G is an irreducible monoid but not necessarily .0
 .J-irreducible. However, M r is J-irreducible if r is an irreducible
 w x.representation and G is semisimple see 8, Corollary 8.3.3 . Putcha and0
w xRenner 6, 4.16 gave a precise recipe for constructing the lattice of
J-classes and the type map of a J-irreducible monoid M. We sketch the
main results here. For e g L, let
 4I e s a g D ¬ s e s es / e . a a
and
 4J e s a g D ¬ s e s es s e . . a a
Let e be the unique minimal nonzero idempotent in L, and define0
 .J s J e .0 0
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 w x.  .  . THEOREM 2.2 Putcha and Renner 6, 4.11, 4.12, 4.16 . 1 J e s a g
 .  .4J _ I e ¬ s s s s s for all b g I e .0 a b b a
 .  .  .2 I: L ª P D , e ª I e , is an order-preser¨ ing injection.
 .  .  .3 S : D s I e for some e g L iff no component of S lies entirely
in J .0
PROPOSITION 2.3. Let r be the irreducible representation corresponding to
l  .  4a dominant weight m s  a m . Let I m s a ¬ a / 0 . Then J sis1 i i i i 0
 .D_ I m .
Proof. Let ¨ g V be the highest weight vector of weight m. Then, by
w x 2, Section 31 , the isotropic group of K¨ is P s BW B, where L s a gL L
 . 4  .D ¬ r s ¨ s ¨ s D_ I m . So it suffices to show that L s J . Let G bea 0
  .the set of weights of the representation r. Let V s ¨ g V ¬ r t ¨ sl
 :  . 4l, t ¨ s l t ¨ for l g G. Then V s [ V . Note that V s K¨ . Tol mlg G
 .simplify the notation, we denote r g x by g ? x for g g G and x g V.
w x BuNow, by 6, Theorem 5.3 , K¨ s e ? V, since K¨ s V . So0
 :e ? ¨ s m , e ¨ s ¨ ,0 0
 :since m, e / 0 and e is an idempotent. Also0 0
e ? ¨ s 0 for ¨ g V and m / l g G.0 l l l
Then
e ? ¨se s ? ¨ s s sy1e s ? ¨0 0 a a a 0 a
 y1 :s s ? m , s e s ¨a a 0 a
 :  :s s ? s m , e ¨ s s ? m , e ¨a a 0 a 0
s s e ? ¨ for a g L,a 0
and
0se ? ¨ s s e ? ¨0 l a 0 l
e s ? ¨ s s sy1e s ? ¨0 a l a a 0 a l
 y1 :s s ? l, s e s ¨ .a a 0 a l
 :s s ? s l, e ¨a a 0 l
s 0 for a g L and m / l g G ,
since s l - m. Thus e s s e s e s , so that L : J .a 0 a 0 0 a 0
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Conversely, for a g J ,0
¨ s e ? ¨ s s e ? ¨ s e s ? ¨ .0 a 0 0 a
Then
s ? ¨ s ¨ .a
Thus a g L, so that J : L.0
3. IDEMPOTENTS AND CONVEX HULL
w x3.1. Using the theory of torus embedding, Solomon 11, Section 5 gives
 .a detailed description about how to compute idempotents in E T and the
cross-section lattices L. The following result is due to the second named
 w x w x.author see 11, Section 5 and 8, Section 3 .
PROPOSITION 3.2. Let M be the monoid as constructed in 2.1 by a rational
k .  .representation r. Let C 1 be a con¨ex hull of the set F r of weights of r.
Then
 .  k ..1 There is a lattice isomorphism from the face lattice of F C 1 ,
 .including the empty face, to E T .
 .  k ..2 There is a lattice isomorphism from the set of W-orbits of F C 1
to the cross-section lattice L_0.
 . k .3 If r corresponds to a dominant weight m, then C 1 is the con¨ex
hull of W ? m.
 .4. J, s -IRREDUCIBLE MONOIDS
 .4.1. A J, s -irreducible monoid M is a reductive monoid with an
 .  .endomorphism s of M such that W, s acts transitively on E T , the set1
 .of minimal nonzero idempotents in E T . More precisely, let L s L l1
 .  .E T . Then s permutes the set L . In other words, for any e g E T ,1 1 1
2E T s W ? e j W ? s e j W ? s e . . . . .  .  .1
 .Obviously, M is a J, s -irreducible monoid if M is J-irreducible and
w xs s 1. This special case is well studied in 6 . However, most of the
 .J, s -irreducible monoids are usually not J-irreducible.
 .The definition of a J, s -irreducible monoid is motivated by the
wsecond named author's construction of finite reductive monoids as in 7,
x w xSection 4 or 9 .
 .Next we construct a class of J, s -irreducible monoids such that
  . 4M s x g M ¬ s x s x is finite. Let G be a simple algebraic group.s 0
w xChevalley 12, Section 11 classified all endomorphisms s : G ª G such0 0
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  . 4that G s x g G ¬ s x s x is a finite group. Let s : G ª G be a0s 0 0 0
surjective morphism such that G is finite. Then there is a Borel0s
 .subgroup B of G and a maximal torus T of B such that s T s T0 0 0 0 0 0
 . w xand s B s B 12, Section 10 . Let D be the fundamental root system0 0
U  .  .associated with the maximal torus T of G . Let s : X T ª X T be0 0 0 0
<the map induced by s . Then there exists a nontrivial symmetric auto-T0
morphism of the Dynkin diagram D and a scalar factor q: F ª N such
that
s U D a s q a a for all a g D . 4.1.1 .  .  . .
There are two types of s .
 .1 Che¨alley and Steinberg type: If the root systems are A , D , andn n
 . qE , then s s Fr (D , where Fr t s t for all t g T and q is some power6 q q
of p, the characteristic of the field K.
 .2 Suzuki and Ree type: If the root system is C , G , or F , then2 2 4
 . a  . aq1q a s p for a long, and q a s p for a short. Here p s 2 for C2
and F , and p s 3 for G .4 2
4.2. Suppose s is of Steinberg type. Choose a dominant weight m in
 .  .X T . Let r : G ª GL V be the irreducible representations correspond-i 0 i
iy1 .  .ing to D m for i s 1, 2 or 3 for D only .4
Define
r s [r : G ª GL [V 4.2.1 . /i 0 i
U .and M s M r s K r G . .0
 .  .  .THEOREM 4.3. 1 M r is a J, s -irreducible monoid.
 .2 M is finite.s
 .3 M is J-irreducible.s
U  . U  .We leave the proof for later. Let T s K r T and G s K r G . Since0 0
 .r has a finite kernel, r G is also a simple algebraic group. We can0
 .  .  .identify the root system of r G relative to r T and r B with that of0 0 0
G . Also there is a commutative diagram:0
s 6
G G 4.3.1 .0 0
6
rr
6 6
 . . r Gr G 00
We use the same notation s for the bottom map.
 .   ..  .  . USince X T s X r T [ Z, let m, 1 g X T and s extends to0
 . U  .  U  . q. UX T by s x , t s s x , t . Then s is induced from s : G ª G,1 1 1
 .   . q. U  .s g, t s s g , t . Note that s m s qm .1 2
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k  iy1 . .Let C be the smallest convex cone containing W ? D m , 1 . Leti
k k  .C be the smallest convex cone containing DC . Then M r is thei
  .semisimple monoid corresponding to the polyhedral root system F, X T ,
k  ..  w x.C s X T see 8 .
 w x.LEMMA 4.4 Renner 10 . s : G ª G extends to a surjecti¨ e morphism1
s : M ª M such that G and M are finite iff1 s s1 1
 . U  k. k1 s C : C , and1
 . k U  k.3 nC : s C .1
 .4.5. Proof of Theorem 4.3. For 1 , it is clearly true by the construction.
 . k  .  .For 2 , it follows since C satisfies 1 and 2 of Lemma 4.4. Changing
notation, let s s s denote the finite morphism s : G ª G and s :1
M ª M such that G and M are finite. So M is the finite monoid withs s s
unit group G .s
 . 2For 3 , it is enough to show the case D s 1. Let e , e be two nonzero1 2
 .minimal idempotents in the cross-section lattice L of M. Then s e s e1 2
 .and s e s e . So2 1
s e k e s s e k s e s e k e g L , 4.5.1 .  .  .  .1 2 1 2 1 2 s
  . 4where L s e g L ¬ s e s e is the cross-section lattice of M . For anys s
 .  .e g L _0, either e ) e or e ) e . In the former case, e s s e ) s es 1 2 1
s e , so that e ) e k e . Then e k e is the unique nonzero minimal2 1 2 1 2
idempotent in L .s
4.6. For s of Suzuki or Ree type, one cannot obtain a finite monoid
w xM from a semisimple monoid M as in 7, Section 4 , because thes
2 . p2 aq1requirement that s : M ª M would imply that s t s t for all
  ..0 w x  . m 2 .t g Z G M and some a ) 0 12 . But that s t s t implies s t s
t m
2 s t p2 aq1 for all t. That is impossible. The following construction is
w xcontained in 7 .
Assume G is a simple algebraic group of type C , F , or G , and s :0 2 4 2
 .G ª G is an endomorphism of Ree or Suzuki type. Assuming s T s T0 0 0 0
 .and s B s B with T : B , we can arrange the simple roots D s0 0 0 0
 4 s  . U  . aa , b s s 1 or 2 for a short and b long so that s a s p b andi i is1 i i i i
U  . aq1 2 s  w x.s b s p a . Choose m s  a m some a may be 0, not as in 7 ,i i is1 i i i
U  . U  .a dominant weight. Then s m is also a dominant weight, and s m is
U  .not a multiple of m since s has no rational eigenvalues on X T m R.
X U  . a  .  .Let m s s m rp . Let r : G ª Gl V and r : G ª Gl V be the1 1 2 2
irreducible representations with highest weight m and mX, respectively, and
let r s r [ r . Define1 2
U UM to be the normalization of r G K = K . .  .0
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U ULet G s r G K = K , and let T be the maximal torus of G contain- .  .0
 .  . 2  . X  X .ing T . Then X T s X T [ Z . Let x s m, 1, 0 and x s m , 0, 1 .0 0
Xk  .Then C s X T is the smallest polyhedral cone containing W ? x j W ? x .
 .The morphism s : G ª G extends to s : G ª G by s g, s, t s0 0
  . p aq 1 p a. U  .  . U  .s g , t , s and this yields s : X T ª X T by s g , a , b s
 U  . aq1 a . U  . a X U  X . aq1s g , p b , p a . Since s x s p x and s x s p x ,
U U2 aq1  ..  .  .  .s X T : X T with p X T : s X T . Thus there exists a unique
s : M ª M extending s : T ª T and s : G ª G by Lemma 4.4.
w x  .  .PROPOSITION 4.7 7, Theorem 4.10 . M r is J, s -irreducible and Ms
is finite and J-irreducible.
4.8. We are now in a position to ask the following questions.
 .  .A What is U M or, equivalently, L?
 .  .B What is U M or, equivalently, L ?s s
l  .  4If m s  a m , define I m s a g D ¬ a / 0 . More precisely, weis1 i i i i
should answer these two questions in terms of the following separate
cases:
 . U  . n .1 s m s q m .
 . U  . n .2 s m / q m .
 .  .  U  ..a I m s I s m .
 .  .  U  ..b I m / I s m .
w x w x w x.PROPOSITION 4.9 11, 5.49 , 6, Section 4 , and 8, 3.5 . For Steinberg
k . iy1 k .type, let C 1 be the con¨ex hull of W ? r m. Let C 1 be the con¨ex hulli
k . k .of DC 1 . For Suzuki or Ree type, let C 1 be the con¨ex hull ofi 1
 . k .  X . k .W ? m, 1, 0 . Let C 1 be the con¨ex hull of W ? m , 0, 1 . Let C 1 be the2
k . k .con¨ex hull of C 1 and C 1 . Then1 2
 .  k ..1 There is a lattice isomorphism from the face lattice of F C 1 ,
 .including the empty face, to E T .
 .  k ..2 There is a lattice isomorphism from the set of W-orbits of F C 1
to the cross-section lattice L_0.
U  .  .COROLLARY 4.10. If s is of Steinberg type and s m s q m , then M
U .   ..  .is J-irreducible and U M ( U M r , where M r s K r G . .1 1 1 0
 .Proof. This follows immediately from 2 of proposition 4.9 and the fact
k k .  .that C 1 s C 1 for all i.i
Let D be the set of equivalence classes under D , i.e., the set of D-orbitsD
of D. It can be considered as the fundamental root system relative to Bs
w xand T 1, Section 13 . More precisely, we identify D case by case ass D
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follows:
 .  41 For case A , let l s 2k y 1 and D s a , . . . , a . Then D isl 1 l D
a q a r2, . . . , a q a r2, a .  .1 2 ky1 ky1 kq1 k
of type C .k
 .  42 For case A , let l s 2k and D s a , . . . , a . Then D isl 1 l D
a q a r2, . . . , a q a r2 .  .1 2 k k kq1
of B .k
 .  4  .3 For case D , let D s a , . . . , a and D a s a . Then D isl 1 l ly1 l D
a , a , . . . , a , a q a r2 .1 2 ly2 ly1 l
of type B .ly1
 .  4 34 For case D , let D s a , a , a , a . Let D s 1 and let a be4 1 2 3 4 1
the root in the center of the Dynkin diagram of D . Then D is4 D
a , a q a q a r3 .1 2 3 4
of type G .2
 .  4  .5 For case E , let D s a , . . . , a . Let D a s a for i s 1, 2.6 1 6 i 7yi
Then D isD
a q a r2, a q a r2, a , a .  .1 6 2 5 3 4
of type F .4
Define a natural projection p : D ª D byD
m r iy1 m .is1
p a s , .
m
where m is the order of D. Let m and s be as in Corollary 4.10. Let
X .   ..   ..  . y1 X ..  . XI m s p I m . Since D I m s I m , then p I m s I m . Let J0
X .   ..  . y1 X ..  . Xs D _ I m . Since D I m s I m , then p I m s I m . Thus J sD 0
 .p J . We have0
 .THEOREM 4.11. 1 There is an order-preser¨ ing injection
e g L ª K e : P D . .  .s D
 .  .  .2 Any S : D s K e for some e g L if and only if S has noD s
connected component completely contained in J X .0
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 .Proof. 1 For e g L, according to Theorem 2.2, there is a subset
 .  .I e : D such that no connected components of I e lie in J by Theorem0
  ..  .  .2.2. Furthermore, e g L if and only if D I e s I e . Let K e ss
  ..  .p I e . This proves 1 .
 .2 The above proof implies the ``if'' part. So it suffices to show the
 .``only if'' part. That is, if S : D has no connected components containedD
X  .in J , then S s K e for some e g L .0 s
y1 .Let I s p S . Then D I s I by the definition of p . It is enough to
show that I has no connected components contained in J .0
Suppose that I has a connected component I contained in J . Then1 0
 .  .  .D I is also a connected component of I, and D I : J since D J s J .1 1 0 0 0
 .  . XThus S s p I : p J s J , so that S being a connected component1 1 0 0 1
Xof S is contained in J . But that is a contradiction.0
5. CASE E26
5.1. Using Theorems 2.2 and 4.11, we give a complete list of the Hasse
diagrams of L_0 and L _0 for the J-irreducible monoids M and M ,s s
respectively, associated with type E2.6
5.2. Let the Dynkin diagram of E be as follows:6
a a2 1( (
a a4 3
( (
a a5 6( (
Then the Dynkin diagram for D isD
b b b b4 3 2 1
( ( ) ( (
 .  .where b s a , b s a , b s a q a r2, b s a q a r2. We as-4 4 3 3 2 2 5 1 1 6
sume that k, k for i s 1, 2, . . . are positive integers in the following.i
 .  4 U1 m s km . In this case J s a , a , a , a , a and J s4 0 1 2 3 5 6 0
 4b , b , b . L_0 is shown in Fig. 1, where i i . . . represents the subset1 2 3 1 2
 4a , a , . . . of D in the Hasse diagrams of L_0, and i i . . . representsi i 1 21 2
 4the subset a , a , . . . of D fixed by D which corresponds to the elementi i1 2
in the Hasse diagram of L _0, henceforth. So L _0 is shown in Fig. 2,s s
 .where i i . . . , which equals p j j . . . for some j j . . . in the Hasse1 2 1 2 1 2
 4diagram of L_0, represents the subset b , b , . . . of D in the Hassei i D1 2
diagram of L _0, henceforth.s
 .  4 X2 m s km . In this case J s a , a , a , a , a and J s3 0 1 2 4 5 6 0
 4b , b , b . L_0 is shown in Fig. 3 and L _0 is shown in Fig. 4.1 2 4 s
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FIGURE 1
FIGURE 2
FIGURE 3
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 .  4 X3 m s k m q k m . In this case J s a , a , a , a and J s1 3 2 4 0 1 2 5 6 0
 4b , b . L_0 is shown in Fig. 5 and L _0 is shown in Fig. 6.1 2 s
 .  4 X4 m s km q km . In this case J s a , a , a , a and J s5 2 0 1 3 4 6 0
 4b , b , b . L_0 is shown in Fig. 7 and L _0 is shown in Fig. 8.1 3 4 s
FIGURE 4
FIGURE 5
FIGURE 6
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FIGURE 7
 .  4 X5 m s km q km . In this case J s a , a , a , a and J s1 6 0 2 3 4 5 0
 4b , b , b . L_0 is shown in Fig. 9 and L _0 is shown in Fig. 10.2 3 4 s
 .  4 X6 m s k m q km q km . In this case J s a , a , a and J1 3 2 5 0 1 4 6 0
 4s b , b . L_0 is shown in Fig. 11 and L _0 is shown in Fig. 12.1 4 s
 .  4 X7 m s k m q km q km . In this case J s a , a , a and J1 4 2 5 0 1 3 6 0
 4s b , b . L_0 is shown in Fig. 13 and L _0 is shown in Fig. 14.1 3 s
 .  4 X8 m s k m q km q km . In this case J s a , a , a and J1 3 1 6 0 2 4 5 0
 4s b , b . L_0 is shown in Fig. 15 an L _0 is shown in Fig. 16.2 4 s
FIGURE 8
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FIGURE 9
 .  4 X9 m s k m q km q km . In this case J s a , a , a and J1 4 1 6 0 2 3 5 0
 4s b , b . L_0 is shown in Fig. 17 and L _0 is shown in Fig. 18.2 3 s
 .  410 m s k m q k m q km q km . In this case J s a , a and1 3 2 4 1 6 0 2 5
X  4J s b . L_0 is shown in Fig. 19 and L _0 is shown in Fig. 20.0 2 s
 .  411 m s k m q k m q km q km . In this case J s a , a and1 3 2 4 2 5 0 1 6
X  4J s b . L_0 is shown in Fig. 21 and L _0 is shown in Fig. 22.0 1 s
FIGURE 10
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FIGURE 11
 .  412 m s k m q k m q km q km . In this case J s a , a and1 1 1 6 2 5 0 3 4
X  4J s b , b . L_0 is shown in Fig. 23 and L _0 is shown in Fig. 24.0 3 4 s
 .13 m s k m q k m q k m q k m q km . In this case J s1 1 1 6 2 2 2 5 3 0
 4 X  4a and J s b . L_0 is shown in Fig. 25 and L _0 is shown in Fig. 26.4 0 4 s
FIGURE 12
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FIGURE 13
 .  414 m s k m q k m q k m q k m q km . In this case J a1 1 1 6 2 2 2 5 4 0 3
X  4and J s b . L_0 is shown in Fig. 27 and L _0 is shown in Fig. 28.0 3 s
 .15 m s k m q k m q k m q k m q k m q k m . In this case1 1 1 6 2 2 2 5 3 3 4 4
X  .  .J s B and J s B. So L_0 ( P D and D _0 ( P D .0 0 s s
FIGURE 14
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FIGURE 15
FIGURE 16
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FIGURE 17
FIGURE 18
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FIGURE 19
FIGURE 20
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FIGURE 21
FIGURE 22
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FIGURE 23
Remark. Theorem 2.2 contains a precise recipe to determine the struc-
ture of the cross section lattice for a J-irreducible monoid. That recipe
 .and Theorem 4.11 give a complete solution to 1 of 4.8. It is interesting
 .but perhaps difficult to find a general answer for 2 of 4.8. Since M iss
J-irreducible we may expect a general recipe to determine the cross
section lattice at least for L .s
FIGURE 24
LI AND RENNER192
FIGURE 25
FIGURE 26
IRREDUCIBLE MONOIDS 193
LI AND RENNER194
FIGURE 28
REFERENCES
1. R. W. Carter, ``Simple Groups of Lie Type,'' Wiley, LondonrNew York, 1972.
2. J. E. Humphreys, ``Linear Algebraic Groups,'' Graduate Texts in Mathematics, Vol. 21,
Springer-Verlag, New York, 1981.
3. G. Kempf, F. Knudsen, F. Mumford, and B. Saint-Donat, ``Toroidal Embeddings, I'' Vol.
1, Springer-Verlag, New York, 1973.
4. T. Oda, ``Torus Embeddings and Applications,'' Tata Press, Bombay, 1978.
5. M. S. Putcha, ``Linear Algebraic Monoids,'' London Math. Soc. Lecture Note Series 133,
Cambridge Univ. Press, Cambridge, 1988.
6. M. S. Putcha and L. E. Renner, The system of idempotents and the lattice of J-classes of
 .reductive algebraic monoids, J. Algebra 116 1988 , 385]399.
7. M. S. Putcha and L. E. Renner, The canonical compactification of a finite group of Lie
 .type, Trans. Amer. Math. Soc. 337 1993 , 305]319.
8. L. E. Renner, Classification of semisimple algebraic monoids, Trans. Amer. Math. Soc.
 .292 1985 , 193]223.
9. L. E. Renner, Finite monoids of Lie type, in ``Monoids and Semigroups with Applica-
tions,'' pp. 278]287, World Scientific, Singapore, 1991.
10. L. E. Renner, Finite reductive monoids, in ``Semigroups, Formal Languages and Groups,''
 .J. Fountain, Ed. , pp. 369]380, Kluwer, Dordrecht, 1995.
11. L. Solomon, An introduction to reductive monoids, in ``Proceedings of Groups, Semi-
groups and Formal Languages,'' 1993, pp. 295]352.
12. R. Steinberg, Endomorphisms of linear algebraic groups, Mem. Amer. Math. Soc. 80
 .1968 .
